A MAGIC DETERMINANT FORMULA
FOR SYMMETRIC POLYNOMIALS OF EIGENVALUES

Jules Jacobs

D pATAZ Al =D pydet(A] A7+ |AL)
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TRACE AND DETERMINANT

Aqy
A=Ay
Az

AlZ A13
Agy Ags
Azy Aszz

(e.g. integer matrix)
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TRACE AND DETERMINANT

A A Agg
A=Ay Ay Ay (e.g. integer matrix)
Az1 Asp Asg

tr(A) = A1 + Ay + A3 = Ay + Ay +Ag;
det(A) = 7“1 Azxs = A11A20A33 —A11A30A03 —A12A21A33+
A12A23A31 +A13A01A30 —A13A20A31
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TRACE AND DETERMINANT

A A Agg
A=Ay Ay Ay (e.g. integer matrix)
Az1 Asp Asg

tr(A) = A1 + Ay + A3 = Ayy +Agy +Asz;

det(A) = 7“1 Azxs = A11A20A33 —A11A30A03 —A12A21A33+
A12A23A31 +A13A01A30 —A13A20A31

Polynomial of irrational complex numbers = polynomial of integer entries!
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Polynomial of irrational complex numbers = polynomial of integer entries!
Q: Which other polynomials p(2,, 4, A3) can we compute exactly?

2/5



TRACE AND DETERMINANT

A A Agg
A=Ay Ay Ay (e.g. integer matrix)
Az1 Asp Asg

tr(A) = A1 + Ay + A3 = Ayy +Agy +Asz;
det(A) = 7“1 7&213 = A11A20A33 —A11A30A03 —A12A21A33+
A12A23A31 +A13A01A30 —A13A20A31

Polynomial of irrational complex numbers = polynomial of integer entries!
Q: Which other polynomials p(2,, 4, A3) can we compute exactly?
A: Fundamental theorem of symmetric polynomials: all symmetric ones.

P(Al:lz’%) :P(Az:xl;ks) == P(7L3’7Lz’7tl)
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THE MAGIC METHOD

p(ll>2’2az’3) =

AL A5+

AT Ay 2% +

A% 2
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THE MAGIC METHOD

P(A1, A0, A3) =

MARAL + A+ Afada,
det(A;| A% A%) + det(A¥ Ay AY) + det (A% AdA;)

3/5



THE MAGIC METHOD

p(ll>2’2az’3) =

MARAL + A+ Afada,
det(A;| A% A%) + det(A¥ Ay AY) + det (A% AdA;)

Ag = the second column of A*
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THE MAGIC METHOD

p(A’bA’Z’A’fﬂ)

= MAAL A+ A+ afadag
= det(A;|A%AS) 4 det(AH Ay AY) + det(A% A%l A3)

Ag = the second column of A*

e akill-kgz Al
Y
cee 4 adet(AllllAlzzl ...|Ain) + .-

n
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THE TRACE
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THE TRACE

A]_ —‘1_},2—’—},3:

A A58 +

202, A3 +

0
2929 Ag
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THE TRACE

MAA+Az= M AIA + A9, Al + A% Ad A

= det(A|A)|AY) + det(AJ|Ay|AY) + det(AT|AY|A3)
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THE TRACE

MAA+Az= M AIA + A9, Al + A% Ad A
= det(A|A)|AY) + det(AJ|Ay|AY) + det(AT|AY|A3)
A;; 0 0 1 Ay O 1 0 Ay

= det A12 1 O +det 0 A22 0 +det 01 A32
Ay 0 1 0 Ay 1 0 0 As
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THE TRACE

AM+2Ay+ A3

= AMAA + A +

0140
2929 2g

= det(A|A)|AY) + det(AJ|Ay|AY) + det(AT|AY|A3)

Ay 0 0 1 Ay
= det A12 1 O +det 0 A22
A 0 1 0 Ay

= Ay +Agy +As3

0 1 0 Ay
0|+det|0 1 A
1 0 0 As
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PROVE OR DISPROVE

DPALAG 2y = D pider(A} AT A7)
i i

Note: even if B = S7!AS, still in general

det(A|A7]- - |A}) # det(BY|B]|--- |Bir)

No peeking! https://julesjacobs.com/pdf/sympoly.pdf
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https://julesjacobs.com/pdf/sympoly.pdf

